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This paper presents a new method for the sensitivity analysis of membrane wrinkling based on the tension-field

theory. This method can be applied to design membrane structures to reduce the occurrence of wrinkles. In this

method, the wrinkle intensity in a partly wrinkled membrane is evaluated from an apparent strain energy resulting

from the deformation through wrinkling. This wrinkle intensity is used as an objective function for wrinkle-

reduction membrane design. Further, the sensitivity of the wrinkle intensity with respect to an arbitrary design

parameter is derived by employing a semi-analytical differentiation technique and is used to resolve theminimization

problem of the objective function. Some design examples show that this minimization problem can be effectively

resolved by the proposed sensitivity analysis method and the occurrence of membrane wrinkles can be considerably

reduced by minimizing the wrinkle intensity.

Nomenclature

ac = small constant value for the incremental line
search

Bk
L = strain-displacement relation matrix of the kth

element
b = design parameter vector
bj = jth design parameter
C = elasticity matrix for the membrane
Cm = modified elasticity matrix for the wrinkled

membrane
E = Young’s modulus
K = tangent stiffness matrix in the equilibrium state
n1, n2 = vectors for coordinate transformation of stress
P, Q = projection matrices
q = internal force vector in the equilibrium state
r = penalty coefficient for the area constraint
S = membrane area
S0 = initial membrane area
s = step variable for the incremental line search
s1, s2 = vectors for coordinate transformation of the strain
Us = penalty function for the area constraint
Uw = total wrinkle intensity over the entire membrane
Uk
w = wrinkle intensity over the kth membrane element

wk = weight coefficient for Uk
w

� = minute perturbation for numerical differentiation
� = minimum value of the ratio of the required

membrane area to S0
�bj = numerical perturbation of bj

�Uw = numerical perturbation of Uw
" = strain vector in the plane stress state
"e = elastic strain vector
"w = wrinkle-mode deformation vector
"x, "y, �xy = strain components in the x–y coordinate system
"1, "2 = major and minor principal strains, respectively
"2w = nonzero scalar value contained in "w
� = rotation angle of principal axes of stress and strain

tensors to the x–y axes
� = Poisson’s ratio
� = stress vector in the plane stress state
�t = uniaxial tensile stress vector in the wrinkled

membrane
�x, �y, �xy = stress components in the x–y coordinate system
�1, �2 = major and minor principal stresses, respectively
�e = strain energy density in a wrinkled membrane
�p = strain energy density in a taut membrane
�w = wrinkle intensity at a material point
’ = augmented objective function for shape

optimization

Introduction

I N RECENT times, membranes have attracted considerable
interest in the field of space structure engineering due to their high

packaging efficiency and lowweight. Becausemembranes have little
resistance to compressive stresses, wrinkles may appear over partial
or entire regions. Such wrinkles could cause significant deterioration
in the performance of membrane structures. For example, the
occurrence of wrinkles could reduce surface accuracy in membrane
reflectors [1] or cause nonuniform surface heating in solar sails [2].
Therefore, the design of efficient membrane structures that would
minimize wrinkle occurrence is of tremendous importance.

In the design of membrane structures on the ground, wrinkling is
usually avoided by designing membrane surfaces as minimal
surfaces on which equal tension fields are developed within given
boundaries [3,4]. For space membrane structures such as solar sails,
catenary system designs (in which catenary cables are installed along
the membrane boundaries to provide uniform tension) are often used
[5–7]. Theoretically, these surface or boundary designs can realize
wrinkle-free taut conditions over entire membrane surfaces;
however, the shapes ofmembrane surfaces obtained are considerably
restricted. Such shape restrictions could be undesirable in some
cases, for example, to achieve various mission objectives of space
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structures. In addition, it is often sufficient to eliminate only those
wrinkles that exist near a critical area of mission performance.
Recently, some researchers have studied another boundary design
forwrinkle reduction inwhich shear compliant borders are integrated
along the edges of flat membranes of solar sails [2,8]. To produce
feasible designs for various types of space membrane structures,
another design approach that tolerates some insignificantwrinkles on
the membranes is widely used [9,10]. In this approach, a feasible
wrinkle-tolerant membrane design is obtained by numerical analysis
based on the tension-field (TF) theory, which can predict the
locations of wrinkled regions in partly wrinkled membranes. If
wrinkled regions exist near critical areas of mission performance,
they can be separated from those areas by tuning some design
parameters. Generally, large computational costs are incurred when
obtaining optimum parameters because they are usually found by
trial-and-error methods. To apply a usual optimization scheme for an
efficient parameter search, evaluations of wrinkle intensity and its
sensitivity are essentially required; however, for the existing
techniques based on TF theory, such evaluations are difficult.

The aim of this paper is to offer a new sensitivity analysis method
for membrane wrinkling; this method evaluates both wrinkle
intensity and its sensitivity based on the TF theory. In the proposed
method, a wrinkled membrane is modeled via a projection technique
[11,12] that provides a simple treatment of wrinkle phenomenon.
Subsequently, we introduce a quantifier that represents the intensity
of membrane wrinkling at a material point from the viewpoint of
strain energy density. This quantifier depends on only the
deformation caused by wrinkling and can be systematically defined
by using the projection technique. The total intensity of membrane
wrinkling over the entire membrane is defined by the numerical
integrals of the quantifier on the discretized membrane surface;
further, its sensitivity with respect to an arbitrary design parameter is
efficiently obtained by the semi-analytical differentiation method
(SDM) [13,14]. These quantities can be easily evaluated in
conjunction with a nonlinear finite element method. To obtain a
wrinkle-reduction membrane design, we consider the minimization
problem of the total intensity of membrane wrinkling with respect to
arbitrary design parameters. Such minimization problems can be
resolved by general optimization schemes with the sensitivity
analysis method presented in this paper. Some numerical examples
are shown to demonstrate the accuracy and effectiveness of the
proposed method.

Modeling of Wrinkled Membranes Based
on the TF Theory

The pioneering work on the TF theory was performed by Wagner
[15], and since then there have been numerous studies concerning
wrinkling analysis based on the TF theory (see [16] and the
references therein). Since the early 1970s, a considerable amount of
research has been conducted on the numerical analysis of wrinkled
membranes. In most of these studies, the wrinkling phenomenon is
modeled by modifying the stress–strain relations of wrinkled
membranes. Miller et al. [17] proposed a modified elasticity matrix
that represents the stress–strain relations in wrinkled membranes.
The modified matrix was incorporated into a few commercial finite
element method codes [18] and has been used for the design of space
membrane structures [9,10]. Some approaches similar to that of
Miller are presented in [19–22]. Ding et al. [23,24] developed a
numerical analysis method that copes with a variable Poisson’s ratio
[25,26] by using an optimization technique. Contri and Schrefler [27]
proposed a simple procedure in which the residual forces are
modified to model no-compression material properties of wrinkled
membranes in geometrically nonlinear problems. Pipkin [28] and
Steigmann and Pipkin [29] generalized the TF theory by deriving a
relaxed energy density for membrane deformations. Some
researchers have conducted numerical analysis of wrinkled
membranes based on the relaxed energy densities [30–33]. Wu and
Canfield [34] proposed another model for wrinkled membranes in
which deformation gradient tensors are modified to represent the TF
responses of wrinkled membranes. Roddeman et al. [35,36]

extended themodel to anisotropic membranes and large deformation
problems. Since then, several researchers have applied the
Roddeman model to the finite element analysis of wrinkled
membranes [37–42]. Recently, Nakashino and Natori [43,44]
presented a simple calculation scheme for the Roddeman model by
deriving the modified elasticity tensor that is consistent with the
modified deformation tensor. Further, the authors have investigated
the modified elasticity tensor from the viewpoint of linear algebra
and have presented an efficient modeling technique for wrinkle
behavior via a projection technique [11,12]. Miyazaki [45] reviewed
the various wrinkle models proposed in the literature and proposed a
new scheme for the nonlinear dynamic analysis of wrinkled/
slackened membranes.

In this paper, a wrinkled membrane is modeled via a projection
technique [11,12] that provides a simple treatment for wrinkle
phenomenon. In this wrinkle model, a sequence of two deformation
processes for total deformation in a wrinkled membrane is
considered: an elastic deformation followed by zero-strain energy
deformation due to wrinkling. Through this sequence, the total strain
in the wrinkled membrane is decomposed into two parts: a pure
elastic strain part and a zero-strain energy part resulting from
deformation through wrinkling. Then projection matrices that
decompose the total strain into the elastic part and zero-strain energy
part are derived. A review and some remarks on the wrinkle model
based on the projection technique are provided in this section.

Basic Assumptions of the TF Theory

We start from a review of the basic assumptions of the TF theory.
In the TF theory, a structure idealized as a membrane is with zero
flexural stiffness, and it cannot sustain any compressive stresses.
When compressive stresses are about to appear in the membrane,
they are immediately released by out-of-plane deformations (that is,
the membrane wrinkles), as shown in Fig. 1a. The stress field after
wrinkling is modeled as a uniaxial tension field, in which one
principal stress is tensile and the other is zero, and the direction of
wrinkle is assumed to be identical to that of the tension lines. In
addition, the out-of-plane deformation caused by wrinkling is
replaced by the in-plane contraction, the direction of which is
perpendicular to that of wrinkles, as shown in Fig. 1b. In isotropic
membranes, such in-plane contraction is the zero-energy
deformation because its direction coincides with the principal axis
corresponding to zero stress. In the TF theory, the wrinkled
membrane can be treated as a planar problem, in that local buckling
caused by wrinkling is simplified to the in-plane contraction.

Basic Equations of Isotropic Membrane

Here, we briefly describe the basic equations of membranes in a
state of plane stress. In this paper, we assume that membranes are
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Fig. 1 Basic assumptions of the wrinkling model.
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composed of isotropic elasticmaterials. Stress and strain components
in an x–y coordinate system are represented as three-component
column vectors:

� � � �x �y �xy �T; "� � "x "y �xy �T (1)

and the usual stress–strain relations are described via the elasticity
matrix C as

� �
�x
�y
�xy

2
4

3
5� E

1 � �2
1 � 0

� 1 0

0 0 1��
2

2
4

3
5 "x

"y
�xy

2
4

3
5�C" (2)

where E is Young’s modulus and � is Poisson’s ratio. Next, we
consider a principal coordinate system rotated through an angle � to
the x–y axes. Then the usual coordinate transformation equations of
stress and strain components are expressed in vector form,
respectively, as follows:

� � �1n1 � �2n2 (3)

n 1 � � cos2� sin2� sin � cos � �T (4)

n 2 � � sin2� cos2� � sin � cos � �T (5)

" � "1s1 � "2s2 (6)

s 1 � � cos2� sin2� 2 sin � cos � �T (7)

s 2 � � sin2� cos2� �2 sin � cos � �T (8)

where �i and "i�i� 1; 2� represent the principal stress and strain,
respectively. In this paper, we assume �1 > �2 and "1 > "2. Finally,
we introduce the vector n3 defined by

n 3 � n1 	 n2 (9)

The inner product of Eqs. (3) and (9) leads to a relation between � and
" as

f��� � nT3� � nT3C"� 0 (10)

Wrinkle Model Based on a Projection Technique

In this subsection, we review the wrinkle model based on a
projection technique [11,12] and make some remarks on the model.
As mentioned before, in the TF theory, the out-of-plane deformation
caused by wrinkling is replaced by the in-plane contraction that
cannot be accounted for by the usual membrane theory. To account
for the in-plane contraction, the deformed state of the wrinkled
membrane is considered as a result of the sequence of two
deformation processes [41], as shown in Fig. 2. Through this
sequence, the total strain in the wrinkled membrane is decomposed
into two parts: namely, a pure elastic strain part and a zero-strain
energy part resulting fromcontraction ofwrinkling. Now let�1 be the
major principal value of the uniaxial tensile stress in the wrinkled
membrane. In the first process, the membrane undergoes pure elastic
deformation with the uniaxial tensile stress �1. By this deformation,
the membrane is extended in the direction of the tensile stress and, at
the same time, contracts in the perpendicular direction by Poisson’s
effect, as shown in Fig. 2a.We shall call the strain resulting from this
deformation the elastic strain. In the second process, wrinkling
brings about in-plane contraction, as shown in Fig. 2b, under the
corresponding no-strain energy modes, as in the case of the TF
theory. We call it a wrinkle-mode deformation. Through the
sequence of these two processes, the total strain in the wrinkled
membrane can be represented by the superimposition of the elastic
strain and the wrinkle-mode deformation.

Next, we derive the elastic strain and the wrinkle-mode
deformation in vectorial form. Using Eq. (3), the uniaxial stress
vector �t in the wrinkled membrane can be expressed as

� t � �1n1 � 0n2 � �1n1 (11)

The assumption that the wrinkle-mode deformation produces no
energy is represented by

" Tw�t � 0 (12)

where "w is the wrinkle-mode deformation vector. Noting that the
relation sT2n1 � 0 holds, the wrinkle-mode deformation vector can
be written with a nonzero scalar value "2w as

" w � "2ws2 (13)

Substituting Eqs. (11) and (13) into Eq. (12), we obtain

" Tw�t � �"2w�1�sT2n1 � 0 (14)

Now let " be the total strain vector in the wrinkled membrane.
Then the elastic strain vector "e is given by subtraction of "w from "
as

" e � " � "w � " � "2ws2 (15)

Because "e consists of the pure elastic deformation, it is related to the
uniaxial tensile stress vector �t by the usual elasticity matrix C as

� t �C"e �C�" � "2ws2� (16)

Substituting Eqs. (13) and (16) into Eq. (12), we have

"2ws
T
2C�" � "2ws2� � 0 (17)

The preceding equation is easily solved for "2w to yield

"2w �
sT2C"

sT2Cs2
(18)

Finally, substituting Eq. (18) into Eqs. (13) and (15) yields the vector
expressions of "w and "e, respectively, as follows:

" w �
sT2C"

sT2Cs2
s2 (19)

" e � " �
sT2C"

sT2Cs2
s2 (20)

Reference 

a) Extension caused by uniaxial tensile stress

Tensile Stress

b) Contraction caused by wrinkling

Zero-energy contraction

Poisson's effect σ1

σ1σ1

Contraction direction

Fig. 2 Deformation process of wrinkling.
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The preceding vectors can also be presented in the matrix-vector
form. It is easily proven that Eq. (19) can be rewritten in the matrix-
vector form as

" w �
sT2C"

sT2Cs2
s2 �Q" (21)

where

Q � s2s
T
2C

sT2Cs2
(22)

In addition, substituting Eq. (21) into Eq. (15) yields the matrix-
vector form of "e as follows:

" e � " �Q"� P" (23)

where

P � I �Q� I � s2s
T
2C

sT2Cs2
(24)

and I is 3 	 3 identity matrix.
From Eqs. (21) and (23), the total strain vector " can be expressed

as

" � "e � "w � P"�Q" (25)

In the preceding equation, the matrices Q and P are projection
matrices that satisfy the following relations:

Q 2 �QQ� �s
T
2Cs2�s2sT2C

�sT2Cs2��sT2Cs2�
�Q (26)

P 2 � PP� I � 2Q�Q2 � I �Q� P (27)

CQ �Cs2s
T
2C

sT2Cs2
� �CQ�T (28)

CP �C � CQ� �C � CQ�T � �CP�T (29)

P TCQ�C�I �Q�Q� 0 (30)

where 0 is 3 	 3 zero matrix. These relations are used in the next
section.

Substituting Eq. (23) into Eq. (16) yields the stress–strain relations
in the wrinkled membrane as

� t �Cm" (31)

where Cm �CP is the modified elasticity matrix. The modified
matrix is expressed as a product of the usual elasticity matrix and the
projection matrix, and its physical understanding can be simply
stated with reference to Fig. 3. The total strain vector " is
decomposed into the elastic strain vector "e and the wrinkle-mode
deformation vector "w shown in the left-hand side of the figure. At
first, the elastic strain vector "e, shown in the middle of the figure, is
obtained from " by the projection matrix P. Next, the uniaxial stress
vector �t, shown in the right-hand side of the figure, is mapped from
"e by the usual elasticity matrix C. Consequently, the modified
elasticity matrix Cm is expressed as product of the usual elasticity
matrix and the projection matrix.

Finally, wemake some remarks on the wrinkle model described in
this subsection.

Remark 1: By substituting �� 0 into the vectors s1 and s2 in
Eqs. (6) and (18), we can express "2w in terms of the principal strains
as follows:

"2w � "2 � �"1 (32)

It should be noted that "2w becomes negative when we adopt the
mixed stress–strain wrinkle criterion [20], in which the principal
strains in a wrinkled state hold the following inequalities:

"1 > 0; "2 � �"1 < 0 (33)

Remark 2: Premultiplying both sides of Eq. (25) by C yields the
following stress decomposition:

� � �t � �w (34)

where

� t �CP" (35)

� w �CQ" (36)

Further, by referring to Eqs. (2), (28), and (29), Eq. (34) can be
rewritten by the transpose of the projection matrices as follows:

� � PT� �QT� (37)

Remark 3: From Eqs. (23), (30), and (36), we can find that the
vectors "e and �w are orthogonal as follows:

" Te�w � "TPTCQ"� 0 (38)

Remark 4: By substituting �� 0 intoQ in Eq. (36), we obtain the
components of �w in terms of the principal coordinate system as
follows:

� w �
��2
�2
0

2
4

3
5 (39)

where

�2 �
E

1 � �2 "2w (40)

From Eqs. (33) and (40), we can observe that �2 becomes negative.
This means that �w contains only compressive stress components
that cannot be allowed in the TF theory.

Remark 5: By referring to Eq. (29), the stress–strain relations
shown in Eq. (31) can be rewritten as

� t �Cm"� PTC" (41)

From the preceding equation, we can state another physical
interpretation of the modified elasticity matrix with reference to
Fig. 4. At first, the stress vector � (which is decomposed into �t and
�w, as shown in the middle of the figure) is mapped from the total
strain vector " by the usual elasticity matrix C. Next, the uniaxial

projection matrix usual elasticity 
matrix

P Cεe εe σt

εw

ε

Cm = CP

Fig. 3 Physical understanding of the modified elasticity matrix.

projection
matrix

usual elasticity 
matrix

Cεe σt
σt

εw

ε

σw

σ PT

Cm = P CT

Fig. 4 Modified elasticity matrix based on the stress decomposition.
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stress vector �t, shown in the right-hand side of the figure, is obtained
by the transpose of the projection matrix P. Consequently, the
modified elasticity matrixCm is expressed as a product of PT andC.

Derivation of Sensitivity Analysis Method for
Membrane Wrinkling

In this section, we derive a sensitivity analysis method for
membrane wrinkling along with the wrinkle model presented in the
preceding section. First, we introduce a quantifier that represents the
intensity of membrane wrinkling. The quantifier is effectively
defined by using the projection matrices given in the decomposition
of the strain vectors. Next, we derive the sensitivity of the quantifier
with respect to an arbitrary design parameter.

Wrinkle Intensity at a Material Point

We introduce a quantifier that represents the intensity of
membrane wrinkling at a material point from the viewpoint of strain
energy density. As described in the preceding section, the elastic
deformation in a wrinkled membrane is represented by the elastic
strain vector "e. Therefore, the strain energy density at a material
point in the wrinkled membrane can be expressed as follows:

�e � 1
2
"TeC"e (42)

By substituting Eq. (23) into Eq. (42) and referring to Eqs. (27) and
(29), the strain energy density can also be represented by

�e � 1
2
"TPTCP"� 1

2
"TCP" (43)

Further, by substituting Eq. (24) into Eq. (43) and referring to
Eqs. (21), (26), and (28), the strain energy density can be
decomposed into the following two parts:

�e � 1
2
"TC�I �Q�"� �p � �w (44)

where

�p � 1
2
"TC" (45)

�w � 1
2
"TwC"w (46)

Note that �p and �w are nonnegative scalar functions due to the
positive definiteness of matrix C. From Eq. (45), we can see that �p
takes the same form as that of the usual membrane theory; that is, �p
yields an actual elastic strain energy density when the stress state at a
material point is the taut state, where�w � 0. On the other hand, if the
stress state is the wrinkled state, �p is overestimated when compared
with the actual elastic strain energy density, because " contains the
wrinkle-mode deformation that produces no elastic energy. From
Eq. (44), we can find that the excess energy contained in �p is
indicated by �w. This excess energy can be considered as a quantifier
of the intensity of membrane wrinkling because it depends on only
the wrinkle-mode deformation "w shown in Eq. (46). Therefore, in
this paper, we define�w as a quantifier that represents the intensity of
membrane wrinkling at a material point.

Remark 6:By substituting �� 0 into the vector "w in Eq. (46), we
can express �w in terms of the principal strains as follows:

�w �
E"22w

2�1 � �2� (47)

This equation indicates that �w is a quadratic function of "2w.

Total Wrinkle Intensity over the Entire Membrane

Next, we introduce a quantifier that represents the total intensity of
wrinkling over the entire membrane. Consider a membrane
discretized by finite elements. In each element, we introduce a scalar
function Uk

w in the integration form of �w as follows:

Uk
w �

Z
Ve

�w�r1; r2� dV (48)

where k denotes the element number, Ve denotes the volume of the
undeformed membrane element, and ri is the natural coordinate of
the membrane element. The quantifier that represents the total
intensity of wrinkling over the entire membrane is defined as a
weighted summation of Uk

w by

Uw �
XNe
k�1

wkUk
w (49)

where Ne denotes the total number of finite elements and wk

represents a weight coefficient of the kth element that is usually set to
1 and may be appropriately selected according to the design
requirements.

Remark 7: In finite element calculations, Uk
w is obtained by

performing Gauss numerical integration, in which the principal
strains required for the calculation of �w in Eq. (47) are evaluated at
each integration point. The total wrinkle intensity can be easily
calculated as a weighted summation of Uk

w.

Sensitivity of �w with Respect to "

Here, we derive the sensitivity of �w with respect to the strain
vector ". Referring to relations (26) and (28), Eq. (46) can be
rewritten as

�w � 1
2
"TQTCQ"� 1

2
"TCQ" (50)

Taking the time derivative of Eq. (50), we obtain

_�w � _"TCQ"� 1
2
"TC _Q" (51)

From Eq. (22), the time derivative of matrix Q is obtained as

_Q�
_s2s

T
2C� s2 _s

T
2C

sT2Cs2
�� 2�1 � �2�

E
�n3s

T
2C� s2n

T
3C� _� (52)

In deriving the preceding equation, we use the following relations:

s T2Cs2 �
E

1 � �2 � const; _s2 ��2n3
_� (53)

Substituting Eq. (52) into the second term in the right-hand side of
Eq. (51) and referring to the equation f��� � nT3C"� 0 shown in
Eq. (10) yields

1

2
"TC _Q"� �1 � �

2�
E

��nT3C"�TsT2C"� "TCs2�nT3C"�� _�� 0

(54)

Hence, substituting Eq. (54) into Eq. (51),we obtain the sensitivity of
�w with respect to " as follows:

@�w
@"
�CQ" (55)

Remark 8: From Eqs. (36) and (55), we can find that �w
corresponds to a potential function that produces the compressive
stress vector �w.

Sensitivity of Uw with Respect to the Design Parameter

Differentiating Eq. (48) with respect to the nodal displacement
vector of the kth element uke, we obtain

@Uk
w

@uke
�
Z
Ve

BkT

L

@�w
@"

dV (56)

where

B k
L �

@"

@uke
(57)
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is the usual strain-displacement relationmatrix. Substituting Eq. (55)
into Eq. (56) yields the sensitivity ofUk

wwith respect tou
k
e as follows:

@Uk
w

@uke
�
Z
Ve

BkT

L CQ" dV (58)

Now, let ug be the global displacement vector given by

u k
e �Lkug (59)

where Lk is the Boolean matrix that represents the relation between
the global degree of freedom and the local one in the kth element.
From Eqs. (49), (58), and (59), we obtain the sensitivity of Uw with
respect to ug as

@Uw
@ug
�
XNe
k�1

wkLkT
@Uk

w

@ue
(60)

The sensitivity ofUw with respect to an arbitrary design parameter
can be effectively obtained by the SDM [13,14]. Now let q be the
internal force vector. Then the equilibrium equation in the nonlinear
finite element method can be written as

q �ug�bj�; bj� � f (61)

where bj is the jth design parameter and f is the external force vector.
Considering the variation of bj, the variational form of Eq. (61) is
given by

@q

@ug
�ug �

@q

@bj
�bj � 0 (62)

From the preceding equation, the sensitivity of ug is given by

dug
dbj
��K�1 @q

@bj
(63)

where

K � @q

@ug
(64)

is the tangent stiffness matrix in the equilibrium state. In the SDM,
the sensitivity of q is approximated by numerical differentiation as

@q

@bj
’ �q

�bj
(65)

where�bj is a minute perturbation that is assumed numerically and
�q is a variation of q according to the minute perturbation.
Therefore, from Eqs. (60), (63), and (65), we obtain the sensitivity of
Uw with respect to an arbitrary design parameter as

dUw
dbj
� @Uw
@ug

dug
dbj
’
�
�K�1 �q

�bj

�
TXNe
k�1

wkLkT @U
k
w

@ue
(66)

In practice, matrix K has already factored in the calculation of the
Newton–Raphson method to search the equilibrium state, and
therefore the calculation ofK�1�q=�bj can be easily performed by
substitution. The numerical calculation of Eq. (60) is simply
performed in the same way as that of the internal force vector.
Therefore, the calculation of Eq. (66) can be easily performed in
conjunction with usual nonlinear finite element analysis codes.

Remark 9: The sensitivity ofUw can be numerically evaluated by
the direct differentiation method (DDM) [14] as follows:

dUw=dbj ’ �Uw=�bj (67)

where�Uw is a variation ofUw according to theminute perturbation
�bj. In this method, full nonlinear finite element analysis must be
repeatedly performed in accordance with the number of design

parameters. Therefore, this method is not practical for large-scale
problems, although it is simple and accurate.

Wrinkle-Reduction Design by Sensitivity Analysis

In this section, we apply the sensitivity analysis method presented
in the preceding section to the wrinkle-reduction design of
membrane structures using a simple line-search method.

One-Dimensional Minimization Problem of Uw

Let Nd be the number of design parameters and we define the
design parameter vector as

b � � b1 
 
 
 bNd �T (68)

Then the sensitivity vector of Uw�b� is given as follows:

dUw=db� � dUw=db1 
 
 
 dUw=dbNd �T (69)

It should be noted that the vector �dUw=db indicates the steepest-
descent direction of Uw�b� with respect to b. To design membrane
structures that would reduce the occurrence of wrinkles, we have to
determine the appropriate design parameters to reduce Uw�b�.
Therefore, we introduce the following one-dimensional minimiza-
tion problem of Uw�b� with respect to the step variable s for the
wrinkle-reduction design:

Minimize:

Uw

�
b � s dUw

db

����
b�b�0�

�
(70)

where b�0� is an initial design parameter vector, and the sensitivity
vector is normalized as

����dUwdb

�����1 (71)

This minimization problem can be resolved by a simple incremental
line search as follows:

b �i�1� � b�0� � s�i� dUw
db

����
b�b�0�

(72)

s�i�1� � s�i� � ac (73)

where i is the step number of the line search andac is a small constant
value. The initial value of s�i� is set to 0. It should be noted that b�i� in
Eq. (72) linearly increases with the step number i because the
sensitivity vector is unchanging, whereas s linearly increases with
the step number. The line search is continued until the following
condition holds true:

Uw�b�i�1�� � Uw�b�i�� (74)

The solution procedure for the one-dimensional optimization
problem is briefly illustrated in Fig. 5. First, we set the initial design
parameters. Next, the nonlinear finite element analysis is performed
based on the TF theory to determine the equilibrium state, during
which the objective function shown in Eq. (70) is calculated. Further,
if the step number i is equal to 0, the sensitivity vector is calculated by
employing Eq. (69). If the condition in Eq. (74) holds true, the
optimization process is completed. Otherwise, the step value and the
design parameters are updated by using Eqs. (72) and (73),
respectively, and the line search continues. In the following
subsections, some numerical examples will be shown to demonstrate
the effectiveness of the proposed sensitivity analysis method. In
these examples, the preceding solution procedure is implemented in
the finite element analysis code developed by the authors, in which
the modifications to the design parameters are performed
automatically.
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Example 1: Cable Design Problem

Consider a square membrane supported by a rigid frame via tie
cables at the corners, in which significant wrinkles appear. We
attempt to reduce these wrinkles by setting two design cables near the
corners. The design model for this problem is shown in Fig. 6. By
symmetry, only the right half of the structure is modeled. The support
frame size is chosen as 3.6 m. The membrane, for which the size and
thickness are 3.5 m and 100 	m, respectively, is discretized using
14 	 14 nine-node membrane elements. All the nodes along the left
edge arefixed in the x direction and all the nodes along the lower edge
are fixed in the y direction. Poisson’s ratio and Young’s modulus of
themembrane are given as �� 0:33 andE� 480 MPa, respectively.
The tie cable anddesign cables, forwhich the axial stiffness values are
EcA� 110 MN, are modeled by using the two-node cable element
that can sustain only tensile stresses. Thenatural length of the tie cable
is set to 140 mm. The first design cables are set on both free edges at
1.5 m from the corner. The second design cables are set on both free
edges at 0.5 m from the corner. The natural lengths of the first and
second design cables are considered as the design parameters b1 and
b2, respectively. The initial values of design parameters are chosen as

b�0�1 � 99:8 mm and b�0�2 � 99:7 mm.
At first, we conduct the nonlinear finite element analysis based on

the TF theory [12] to determine the equilibrium state of the
membrane structure in the initial design parameters. Subsequently,
the sensitivities are calculated by the formula presented in Eq. (66).
The weight coefficient of all elements is set to wk � 1. In this
example, the numerical differentiation in Eq. (65) is performed by the
backward difference, as shown next:

�q

�bj
�

q�bj� � q�bj ��bj�
�bj

(75)

where � is a minute perturbation. To verify the accuracy of the
sensitivities obtained by the proposedmethod, they are also calculated
by using the DDM with the backward difference as follows:

dUw
dbj
’
Uw�bj� � Uw�bj ��bj�

�bj
(76)

Table 1 shows the comparison of sensitivities calculated by using the
DDM and the proposed method. The value of � is chosen from the
range of 1:0 	 10�5–1:0 	 10�9. As shown in the table, the
sensitivities calculated by bothmethods are in very good agreement to
three ormore significant digitswith eachother except�� 1:0 	 10�5,
which indicates the accuracy of the proposed calculation scheme.
From these sensitivities, we can observe that design cable 2 has more
significant effect on Uw than design cable 1.

Next, we perform an incremental line search according to
Eqs. (72) and (73). The value of � required for the calculation of
@Uw=@bj is set to 1:0 	 10�6. The constant value ac is set to
2:0 	 10�5. Figure 7 shows the variations in the normalized objective

function �Uw, which is the ratio of Uw�b�i�� to Uw�b�0��. In this

problem, the line search stopped at the 12th step. As observed, �Uw

monotonically decreases and, in the last step, reduces to 22% of the

initial design. The variations in the normalized design parameters �bj,

which is the ratio of b�i�j to b�0�j , are shown in Fig. 8. From this figure,

we can observe that the natural length of the cable b2 is decreased,
whereas b1 is almost unchanged. The directions of wrinkles in the
first and last steps are depicted in Fig. 9. The wrinkle directions are
expressed as straight lines for which the lengths are uniformly
identical to those of each element. From this figure, we can observe
that the wrinkled regions around the corner are considerably reduced
in the design parameters of the last step.

Example 2: Thickness Design Problem

We consider the thickness design problem of a square membrane
tensioned by forced displacements at the corners. The design model
for this problem is depicted in Fig. 10. By symmetry, only the right
half of the membrane is modeled and discretized using 20 	 20 nine-
node membrane elements. All the nodes along the left edge are fixed
in the x direction and all the nodes along the lower edge are fixed in
the y direction. The membrane size and thickness are 1.0 m and
100 	m, respectively. Poisson’s ratio and Young’s modulus of the
membrane are given as �� 0:33 and E� 480 MPa, respectively.
The forced displacement at the corner is set to 5.0 mm. The elements
on both free edges are equally divided among four groups, and the
thicknesses in each group are defined as the design parameters

Nonlinear FEM solution

i = 0 ?

START

Calculate objective function

END

Calculate
sensitivity

Update by
Eq. (72)

Converge check
by Eq. (74) ?

i=
i+

1

Yes

Yes

No

No

(0)b (0),s i = 0

Update by
Eq. (73)

Fig. 5 Flowchart in the one-dimensional optimization problem.
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Fig. 6 Cable design model.

Table 1 Comparison of DDM and the proposed method for example 1

DDM Proposed

� dUw=db1 dUw=db2 dUw=db1 dUw=db2

1:0 	 10�5 �0:45017 	 10�1 0.99899 �0:44538 	 10�1 0.99901
1:0 	 10�6 �0:44586 	 10�1 0.99901 �0:44538 	 10�1 0.99901
1:0 	 10�7 �0:44543 	 10�1 0.99901 �0:44538 	 10�1 0.99901
1:0 	 10�8 �0:44539 	 10�1 0.99901 �0:44539 	 10�1 0.99901
1:0 	 10�9 �0:44543 	 10�1 0.99901 �0:44546 	 10�1 0.99901
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Fig. 7 Normalized objective function �Uw vs step number in example 1.
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bj�j� 1� 4�. The initial values of all the design parameters are

chosen as b�0�j � 500 	m.

First, we conduct the nonlinearfinite element analysis based on the
TF theory using the initial design parameters and calculate the
sensitivities by employing the DDM and the proposed method. The
weight coefficient of all elements is set to wk � 1. In this example,
the numerical differentiations in both methods are performed by the
central differences, as shown next.

�q

�bj
�

q�bj ��bj� � q�bj ��bj�
2�bj

(77)

dUw
dbj
’
Uw�bj ��bj� � Uw�bj ��bj�

2�bj
(78)

Table 2 shows the comparison of sensitivities calculated by both
methods in which the value � is chosen from the range of
1:0 	 10�5–1:0 	 10�9. As shown in the table, a good agreement is
found between both methods, although the small constant
differences are found. These differences may be reduced by refining
the finite element mesh of the membrane.

Next, we conduct an incremental line search to reduce thewrinkles
on themembrane. The sensitivity vector is evaluated by the proposed
method, in which the values � and ac are set to 1:0 	 10�6 and
2:0 	 10�5, respectively. The variations in the normalized objective
function in each step are illustrated in Fig. 11. The line search is
stopped at the 26th step. We can observed that, similar to example 1,
�Uw decreases monotonically. In the last step, �Uw decreases to
0.012% of the initial design. Figure 12 indicates the variations in the
normalized design parameters. It is observed that the thicknesses of
two groups near the corner decrease, whereas those of the other two
groups increase. Figure 13 shows the directions of wrinkles, which
are expressed as straight lines, in the first and last steps. In this figure,
the design parameters are also depicted in linear grayscale. From the
figure, we can observe that the wrinkled regions are considerably
reduced in the last step.

Shape Optimization of the Square Membrane for
Wrinkle-Reduction Design

In this section, we consider the shape optimization problem of a
squaremembrane for thewrinkle-reduction design. The optimization
is performed by the exterior penalty function method [46] and the
proposed sensitivity analysis method.

Design Model

Consider a membrane tensioned at each corner by forced
displacements. In themembrane, wrinkles appear around the corners

Table 2 Comparison of DDM and the proposed method for example 2

� @Uw=@b1 @Uw=@b2 @Uw=@b3 @Uw=@b4

DDM
1:0 	 10�5 �0:71815 �0:29890 	 10�1 0.40836 0.56268
1:0 	 10�6 �0:71815 �0:29890 	 10�1 0.40836 0.56268
1:0 	 10�7 �0:71815 �0:29888 	 10�1 0.40836 0.56268
1:0 	 10�8 �0:71814 �0:29901 	 10�1 0.40837 0.56268
1:0 	 10�9 �0:71807 �0:30082 	 10�1 0.40848 0.56268

Proposed
1:0 	 10�5 �0:72824 �0:29985 	 10�1 0.40785 0.54993
1:0 	 10�6 �0:72824 �0:29985 	 10�1 0.40785 0.54993
1:0 	 10�7 �0:72824 �0:29985 	 10�1 0.40785 0.54993
1:0 	 10�8 �0:72824 �0:29985 	 10�1 0.40785 0.54993
1:0 	 10�9 �0:72824 �0:29985 	 10�1 0.40785 0.54993
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Fig. 8 Variations in the design parameters in example 1.
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Fig. 11 Normalized objective function �Uw vs step number in example 2.

AKITA AND NATORI 1523



and the edges [47,48]. To reduce those wrinkles, the edge shapes of
the membrane are designed by an optimization method. The design
model is shown in Fig. 14, in which the membrane is modeled as a
quarter-square triangle by considering the symmetry. For the edge-
shape design, the hypotenuse of the triangle is bent according to the
design parameters b1 and b2, which denote the normal distance from
the bending point to the lower leg and the distance between the
midpoint of the hypotenuse and the vertex of the right angle of the
membrane, respectively. The bent line is defined to be symmetric to
the perpendicular bisector of the hypotenuse. It is assumed that the
membrane is made of polyimide film with a thickness t� 50 	m.
The size of the membrane is chosen as 1.0 m. Poisson’s ratio and
Young’s modulus are given as �� 0:34 and E� 2:96 GPa,
respectively.

A finite element model for this problem is shown in Fig. 15. The
model is discretized by 4500 four-node membrane elements. All the
nodes along the left edge are fixed in the x direction and all the nodes
along the lower edge are fixed in the y direction. To avoid severe
mesh distortion, the sharp corners of the membrane are truncated by
the lines with a length ds� 10 mm. These lines are divided into 30
elements and displaced by 5.0 mm. Figure 15 also describes the
distribution of the weight coefficient wk. In this example, we aim to
reduce thewrinkles near the central region of themembrane, and thus
the weight coefficients of the elements along the hypotenuse and
around the sharp corners (three elements from the truncated line), in
which the wrinkles are significantly large but have less effect on the
design, are set to wk � 0 for efficiency. The weight coefficient of
other elements is set to wk � 1.

Optimization Problem

The objective of the shape optimization problem for the wrinkle-
reduction design is to reduce Uw, whereas the membrane area may
also be an important design factor in the practical design. Therefore,
we consider the following constrained minimization problem:

Minimize:

Uw�b� (79a)

Subject to:

S�b� � �S0 (79b)

where S�b� and S0 denote the designedmembrane area and the initial
membrane area, respectively, and � indicates the minimum value of
the ratio of the required membrane area to S0. This problem can be
replaced by the unconstrained minimization problem by using the
exterior penalty function method [46], as shown next.

Minimize:

’�b� (80)

’�b� �Uw�b� � rUs�b� (81)

where Us�b� is the penalty function for the area constraint given by

Us�b� �min�0; �S�b� � �S0��2 (82)

and r is the penalty coefficient. This problem can be resolved by the
steepest-descent method. In the lth iteration step of the steepest-
descent method, the design parameter vector is updated as follows,
according to the same incremental line search used in the preceding
section:

b �i�1�l � b�0�l � s�i�1�
d’

db

����
b�b�0�

l

(83)
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Fig. 12 Variations in the design parameters in example 2.
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s�i�1� � s�i� � ac (84)

d’

db
�
�
dUw
db1
� r dUs

db1

dUw
db2
� r dUs

db2

�
T

(85)

where the sensitivity vector d’=db is calculated in the first step of the
line search at each iteration. The step number i is incremented until
the same condition as in Eq. (74) holds as

’�b�i�1�l � � ’�b�i�l � (86)

At the last step of the line search (i� nl), the design parameter vector
is updated as

b �0�l�1 � b�nl�l (87)

Then the new sensitivity vector is calculated based on b�0�l�1. The
optimization process continues until the following condition holds
true:

’�b�nl�l�1� � ’�b
�nl�
l � (88)

Figure 16 summarizes the solution procedure for the presented
shape optimization problem. At first, we set the initial design
parameters to define the initial shape of the membrane. Further, the
nonlinear finite element analysis is performed based on the TF theory
to determine the equilibrium state, during which the objective
function shown in Eq. (81) is calculated. Further, if the line-search
step number i is equal to 0, the sensitivity vector is calculated by
employing Eq. (85). Unless the condition in Eq. (86) holds true, the
step value and the design parameters are updated by using Eqs. (83)
and (84). If the condition in Eq. (88) holds true, the optimization
process is completed. This solution procedure is implemented in the
finite element analysis code developed by the authors.

Results

The shape optimization is performed for � � 0:85, which means
that the lower limit area of the optimized membrane is constrained to
0.85 times the area of the initial membrane. The values of r andac are
chosen as 1:0 	 103 and 1:0 	 10�3, respectively. The sensitivity
vector dUw=db is evaluated by the proposed formula shown in
Eq. (66), in which the central difference is used with �� 1:0 	 10�6

to perform the numerical differentiation. Figure 17 shows the
convergence behaviors of the optimization process. In the figure,
only the values at i� 0 are plotted, for simplicity. As can be seen,

both design parameters gradually decrease and converge at the 22nd
iteration step. The normalized objective function �’, which is defined

as the ratio of ’�b�0�l � to ’�b
�0�
0 �, reduces to 23% of the initial design

in the final step. The area ratio �S defined by the ratio of S�b�0�l � to S0
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Fig. 16 Flowchart in the shape optimization process.
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converges to 0.85, which indicates that the optimized solution
satisfies the area constraint corresponding to � � 0:85. The obtained
shapes and distributions of �w at l� 0, 1, 18, and 22 are shown in
Fig. 18. In this figure, the distributions are illustrated by interpolating
�w at each node, and all the values greater than 3.0 Pa are rounded to
3.0 Pa for display. The directions of wrinkles are also depicted in
Fig. 19. From these figures, it can be observed that there are large
wrinkled regions around the sharp corners and along the edge in the
initial design (l� 0). After thefirst iteration step (l� 1), �’ reduces to
85% of the initial design and the wrinkled regions decrease (mainly
near the sharp corners), whereas the shape of themembrane is almost
unchanged.With increasing iteration steps (l� 18, 22), thewrinkled
regions around the sharp corners gradually reduce, thereby leading to
a decrease in the sharp corner angles.

Conclusions

A new sensitivity analysis method for membrane wrinkling is
presented based on the tension-field theory. In the present method,
the formulas to evaluate both the total intensity of wrinkling over the
entiremembrane and its sensitivitywith respect to an arbitrary design
parameter are developed. Themethod is applied to some examples in
which theminimization problems for the total intensity of membrane
wrinkling are resolved to obtain wrinkle-reduction designs. The
results reveal the accuracy and effectiveness of the proposedmethod.
The proposed method can cope with a wider class of optimization
problems for the reduction in membrane wrinkling.
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